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Abstract 

We study the propagation of a scalar, the trace of hij in the deformed Hofava-Lifshitz 
gravity with coupling constant A. It turns out that this scalar is not a propagating mode 
in the Minkowski spacetime background. In this work, we do not choose a gauge-fixing to 
identify the physical degrees of freedom and instead, make it possible by substituting the 
constraints into the quadratic Lagrangian. 
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1 Introduction 



Recently Hofava has proposed a renormalizable theory of gravity at a Lifshitz point [IJ, 
which may be regarded as a UV complete candidate for general relativity. Very recently, 
the Hofava-Lifshitz gravity theory has been intensively investigated in [2l[3l[ll[5l[6l[71[8l[9l 
[inillllllllliaElliailllllT], its cosmologlcal apphcations in [H US], and its black hole 
solutions in [20} [2T]. 

We would like to mention that the IR vacuum of this theory is anti de Sitter (AdS) 
spacetimes. Hence, it is interesting to take a limit of the theory, which may lead to a 
Minkowski vacuum in the IR sector. To this end, one may modify the theory by introducing 
"/U^i?" and then, take the Kw — > limit. This does not alter the UV properties of the theory, 
but it changes the IR properties. That is, there exists a Minkowski vacuum, instead of an 
AdS vacuum. 

A relevant issue of (deformed) Hofava-Lifshitz gravity is to answer to the question of 
whether it can accommodate a scalar mode ip oc H, the trace of hij, in addition to two 
degrees of freedom for a massless graviton. Known results were sensitive to a gauge-fixing. 
If one chooses a gauge of rij = together with a Lagrange multiplier A, then there remains a 
term of in the quadratic action, which may imply that H is physical, but nonpropagating 
on the Minkowski background [H [13]. On the other hand, choosing a gauge A = E = 
with a non-dynamical field B leads to two terms of ci'ip'^ + C2{dkip)'^, which implies that a 
gauge-invariant scalar isa dynamically scalar degree of freedom [TT] . If the trace ip is really 
propagating on the Minkowski background, the deformed Hofava-Lifshitz gravity amounts 
to a scalar-tensor theory. However, it was known that a choice of gauge-fixing cannot be 
done, in general, by substituting the gauge condition into the action directl}!^ [22 } [23 l [2 ^ [25] . 
Hence, we need to introduce another approach to confirm the propagation of scalar mode 
around Minkowski spacetimes. 

In this work, we will not choose any gauge to identify physical scalar degrees of freedom. 
One way to identify the physical degrees of freedom is to treat non-dynamical fields in 
the quadratic Lagrangian without fixing a gauge |26[ 127] . In this work, we consider the 
Lagrangian formalism [27] only because the Hamiltonian formalism was not working for 
Hofava-Lifshitz gravity well, and thus, it has shown unwanted results for scalar degrees of 
freedom [2^. We would like to mention that there are two kinds of non-dynamical fields: 



^ In order to find propagators, first substituting tfie gauge-condition into tlie gauge-invariant bilin- 
ear action witli parameter b^, inverting, and tlien, taking tlie limit of fo^ — + cx). See Ref.[22] for the 
gauge-propagator in the Yang-Mills theory, Ref. [23] for graviton-propagator in general relativity, Ref . [24] 
for graviton-propagator in higher-derivative quantum gravity, and Ref. [25] for graviton-propagator in the 
Kaluza-Klein theory. 



2 



at the level of quadratic action, a non-dynamical field may enter the action either linearly 
or quadratically. As is shown in Eq. (j39|) . for A 7^ 1, examples of the latter are two gauge- 
invariant modes Wi and 11. These modes can be integrated out: their equations can be 
used to express these in terms of dynamical fields ip (the latter enters the action with time 
derivative) and then, one gets rid of these by plugging the resulting expression back into 
the action. Therefore, the number of dynamical fields is not reduced in this way. The other 
is that the action does not contain a quadratic term as a non-dynamical field. A is the 
case for Hofava-Lifshitz gravity and $ for general relativity. Unlike in the quadratic case, 
the corresponding equation is a constraint imposed on dynamical fields, and thus A is a 
Lagrange multiplier. An important feature is that the constraint reduces the number of 
dynamical fields. This implies that Lagrange multipliers play the important role in finding 
physical degrees of freedom. 

In the view of Faddeev- Jackiw constraints |26t [25] , quadratic non-dynamical fields are 
superficial constraints and a linear non-dynamical field is a true constraint. Hence we wish 
to distinguish the former with notation (=) from the latter with (~). 

In order to compare the foliation-preserving diffeomorphism (FDiff) of the Hofava- 
Lifshitz gravity with others, we introduce transverse diffeomorphism (TDiff), full diffeo- 
morphism (Diff), and Weyl-transverse diffeomorphism (WTDiff) for general relativity in 
the Appendix. 

2 Deformed Horava-Lifshitz gravity 

First of all, we introduce the ADM formalism where the metric is parameterized 

ds^DM = -N'^df + gij (dx' - N'di) (dx^ - Wdt) , (1) 

Then, the Einstein-Hilbert action can be expressed as 

= ^ / d^x^N(K,,K'^ -K^ + R-2A), (2) 

where G is Newton's constant and extrinsic curvature Kij takes the form 

Kij = ^{mj-V,Nj-V,N,). (3) 

Here, a dot denotes a derivative with respect to t { " ' " = 

On the other hand, a deformed action of the non-relativistic renormalizable gravitational 
theory is given by [13j 
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kV(1-4A) 2 
32(1 - 3A) 2u;4 



8(1 - 3A) 



where Cjn is the Cotton tensor 
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(5) 
(6) 

(7) 



Comparing Cq with Eq.dJ]) of general relativity, the speed of hght, Newton's constant and 
the cosmological constant are given by 



G 



A = |Avy , 



(8) 



4 V 1 - 3A 327r c 

The equations of motion were derived in |18j and [20] , but we do not write them due to the 
length. 

In the limit of Aiy — > 0, we obtain the A-Einstein action from £o + /^^-^ as 



S 



EHX 



dtd^x^/gN 



In this case, we have Minkowski background with [13 

^2 



2 _ K fl 



G 



A = 0. 



(9) 



(10) 



2 ' 327rc' 

Considering the z = 2> Hofava-Lifshitz gravity, we have scahng dimensions of [t] = —3, \x\ = 
— 1, [k] =0, and [/u] = 1. We wish to consider perturbations of the metric around Minkowski 
spacetimes, which is a solution of the fuh theory ^ 



9ij = ^ij + whij, N = 1 + wn, Ni = wui 
At quadratic order the action Q turns out to be 



(11) 



S. 



EHX 



I dt(fx\ \ 



^hij - '-K' + {d^ujf + (1 - 2A)(9 • nf - 2dinj{hij - Xh5,j) 



+ 



4 r 



-Xdkhijf + -{dihf + [dihijf - dihijdjh + 2n{didjhij - d'^h) 



..(12) 



In order to analyze the physical degrees of freedom completely, it is convenient to use 
the cosmological decomposition in terms of scalar, vector, and tensor modes under spatial 
rotations SO{2>) [30] 

1 



n 



-A 



(diB + V-^ 



(13) 
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where d^Fi = d^Vi = d^tij = f i = 0. The last two conditions mean that tij is a trans- 
verse and traceless tensor in three dimensions. Using this decomposition, the scalar modes 
{A, B, ip, E), the vector modes {Vi, Fj), and the tensor modes {Uj) decouple from each other. 
These all amount to 10 degrees of freedom for a symmetric tensor in four dimensions. 

Before proceeding, let us check dimensions. We observe [n] = 0, [n^] = 2, and [hij] = 0, 
which imply [A] = 0, [B] = 1, [Vi] = 2, [^] = 0, [E] = -2, [F,] = -1, and [Uj] = 0. 

The Lagrangian is obtained by substituting (jl3p into the quadratic action (jl2p as 

= J dtd^xi^-^ [3(1 - SA)^^^ ^ 2diUjd'Lo^ - 4 ((1 - SA)^' + (1 - A)^^^) d^B 
+ 4(1 - A) (92^)2 + 2(1 - 3X)7pd'^E + (1 - \){d'^Ef + UJi 



4„,,2 



II W 



Idki^d^ij + AAd^tP - dkUjd''f^\ I (14) 
with Wi = Vi — Fi. 

On the other hand, the higher order action obtained from Ci takes the form 

^ J 8 \ 2(1 - 3A) ^ ^ 4 ^ 

+ -^e'^%d%t' k + -^ti.dH'^ I . (15) 

We observe that two modes of '0 and tij exist in the higher order action. 

Now we are in a position to discuss the diffeomorphism in the z = 3 Hofava-Lifshitz 
gravity. Since the anisotropic scaling of temporal and spatial coordinates (i b^t,x^ 
bx^), the time coordinate t plays a privileged role. Hence, the spacetime symmetry is smaller 
than the full diffeomorphism (Diff ) in the standard general relativity (Einstein gravity). The 
Hofava-Lifshitz gravity of 82^'^ + S2 should be invariant under the "foliation-preserving" 
diffeomorphism (FDiff) whose form is given by 

t^i = t + e^{t), x' ^ x' = x' + e\t,^). (16) 

Using the notation of e'^ = (e", e*) and = r]i,^e'^, the perturbation of metric transforms as 

Sgfiu Sgfiiy = Sgfiu + d^^,, + d^e^. (17) 

Further, making a decomposition e* into a scalar ^ and a pure vector Q as e* = 9*^ -|- Q 
with diC = 0, one finds the transformation for the scalars 

A^ A = A-2e^, iP ^ijj = 11;, B ^ B = B + i, E ^ E = E + 2^. (18) 

On the other hand, the vector and the tensor take the forms 

Vi > Vi — Vi -\- (^i, Fi > Fi — Fi -\- (^i, tij > tij — tij. (19) 
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Considering scaling dimensions of [e*^] = —3 and [e*] = —1, we have [^] = —2 and [C*] = —1. 
For the FDiff transformations, gauge-invariant combinations are 

tij, Wi = Vi-Fi, (20) 

for tensor and vector, respectively and 

(^ip, U = 2B- (21) 

for two scalar modes. Finally, we note scaling dimensions: [wi] = 2 and [H] = 1. We 
emphasize that "j4" leaves a gauge-dependent quantity alone. For other gauge-invariant 
scalars in general relativity, see the Appendix. 

3 Tii = gauge-fixing 

Firstly, we may consider a gauge of rij = [U [13] . It amounts to the gauge-fixing: 

B = 0, Vi = 0. (22) 
Then, the bilinear action takes the form 

5f = J dtcfxi^ ^ [3(1 - 3A)V'^ + 2diFjd'F^ + 2(1 - 3X)ipd^E + (1 - X){d^Ef + 

2dk^d''ip + AAd'^ip - dkUjdH'^] I. (23) 



+ 



4 

It is obvious that j4 is a Lagrange multiplier and thus it provides a constraint 

(9V ~ 0. (24) 

It is emphasized that the notation "~" is used to denote the constraint obtained by varying 
the Lagrange multiplier only. We may consider E and Fi as non-dynamical fields even 
though they have time derivatives. Since gauge-invariant quantities are given by 11 = 2B—E 
and Wi = Vi — Fi, \t seems that canonical variables are not E and Fi but E and Fi. Hence, 
in order to eliminate these fields, we use their variations 

5'^ = -(^)^, F. = 0. (25) 
Substituting these into the quadratic action, we have the relevant one 

Si^^ = J dtd'4^(^-^J^^' + i^/^ - ^d,U,dhA. (26) 
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It is clear that for A 7^ 1, 1/3, the scalar "-0" is not a propagating mode on the Minkowski 
background because of the constraint (j24|) . while tij represents for a massless graviton 
propagation. On the other hand, the bilinear action to Ci leads to 



al 
'-'2 



-MjdH'^ + -^e'^%id%t' k + -^tijdh'^ I . (27) 

4 fiW^ jJL^W^ I 



Plugging 



2(1 -3A)^' 



Hi 



(28) 



into Eqs. ^ and ([27]) with x° = ct ([xq] 
exactly [13] 



2^2 



8c~ 



1 



2 /.4^2 



1, [c] =2), one arrives at the quadratic action 
'u;2c(l-A) 



2c2 



+ 



1 



4^2(1 - 3A) 



(29) 



Note that for 1/3 < A < 1, the kinetic term of H becomes negative, indicating a ghost 
instability. Thus, one may argue that either A runs to l''^ from above in the IR or H does 
not couple at all to matter. However, this may not be a promising way to resolve the ghost 
problem. A correct answer is that the scalar mode of H (x ip is a nonpropagating mode. 
We also see from ()29p that the speed of gravitational interaction is 



(30) 



where Cq is the speed of light. We know that the propagation of gravity interaction equals 
the velocity of light to better than 1 : 1000. Hence, we get that 



(31) 



with the above accuracy, independent of the value of the couplings. 
Finally, we have the quadratic action 

?i;2c(l - A) 



8cr~ 



" ' 4k2(i_3A) 

1 



4 fiw^ ji^w* 



(32) 



4 A = {) and £" = gauge-fixing 

In the perturbation, the lapse function n is a function of t only, and thus, A is a function 
of t. It may allow A to be a gauge degree of freedom by choosing a initial time t^. Also, we 
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may choose E as a gauge degree of freedom. In this section, we start with a gauge-fixing 

A = 0, E = 0. (33) 
Then, the bihnear action takes the form 

S^^^ = J dtd^xi^^ 3(1 - 3A)^2 _ _ 3A)^a2^ + 4(1 - X)Bd^B (34) 
+2dkWid''w' + kjf^^ + ^ (^25fc^aV - dkUjd'^f^^ I . (35) 

For ^ — 2^*, the first hne (j34p recovers those of Ref.|llj with a = 1 and A = 0. We 
observe that B and Wi are non-dynamical fields because they do not have time derivatives. 
Hence, in order to ehminate these, we use their variations 

d^B= Wi = 0. (36) 

2(1 -A) ^ ^ 

Substituting these relations into the quadratic action, we have the relevant one 

It seems that for A 7^ 1, 1/3, the scalar "^/j" is propagating on the Minkowski background, 
in addition to tij for a massless graviton propagation. This is because a kinetic term {d^tp)'^ 
survives because a gauge condition of ^ = does not impose any constraint. However, the 
sign of (dki^)'^ is opposite to that of dkUjd^f^ and thus, it may not lead to a proper scalar 
propagation on the Minkowski background. 

On the other hand, the bilinear action to £1 leads to 



2 / o ^ 2(1 - 3A) 4 

+ -^e'^Hud^d/ k + -^ti.dH'^ I , (38) 

where the first term represents a fourth order for the scalar ■(/;. This term survives because 
a gauge condition of A = was chosen. 



5 Without gauge- fixing 

One may identify physical degrees of freedom, without fixing any gauge, by treating non- 
dynamical fields in ([Improperly. First of all, we express the quadratic action (jl4p in terms 
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of gauge-invariant quantities of the scalar, vector, and tensor modes as 

,2 



gEHX 



dt(fx 



W 

2^ 



3(1 - 3A)V'^ - 2w^ Auj' - 2(1 - 3A)V' A n + (1 - A)(An)^ 



-\- t{jt 



(39) 



with A = did^ = d'^. We note that Sl in (llSp contains only tp and tij, which are also gauge- 
invariant. It is emphasized again that "A" is not a gauge-invariant quantity and thus, it 
should be eliminated in the consistent quadratic action. Fortunately, this is possible because 
it belongs to a Lagrange multiplier, irrespective of any value A. 

Before proceeding, we mention two special cases: A = 1/3 and A = 1. Plugging A = 1/3 
into the above action, we have a term like ip"^. In addition, we have two non-dynamical fields 
{wi, n) and one Lagrange multiplier (A) which provide two relations and one constraint 
as, respectively 

Awi = 0, A n = 0, Aipf^O. (40) 

This implies that the tij are only propagating tensor modes. Similarly, for A = 1, one 
have no scalar mode V definitely because of one relation and two constraints from one 
non-dynamical field (wi) and two Lagrange multipliers (11, A): 



Awi = 0, ip^O, A V ~ 0. 



(41) 



Note here that for A ^ 1/3, 1, 11 and Wi are two non-dynamical fields to be solved to 
have two relations 

0. (42) 



, ^ (1 - 3A) ■ 

A n = -hz TT^V', Wi 



(l-A) 

Substituting these into the quadratic action, we have 

■2 r2(l-3A) -2 



qEHX 



dtcTx ■ 



UJ 

2^ 



(l-A) 

-2-0 Aip + AAAtp + tij A 



(43) 



Here we observe that forl/3<A<l,a ghost appears because there is a negative kinetic 
term for ip. Also, comparing —lipAip with tij Af^^ , we find a negative spatial derivative term 
for scalar ip. Hence it should not be a propagating mode on the Minkowski background. 
Since ^ is a Lagrange multiplier, its variation provides a constraint 



A V ~ 0. 



(44) 



Then, we have the bilinear action without A 
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(45) 



with = ct. Using = we may have the relativistic action for graviton 



2 

qEHX _^ C /■ 4 

^2 "2^7"' 



X 



'2(1 -3A) 
. (1 - A) 



(46) 



which imphes that the scalar mode is not propagating even for A > 1 because it contains 
(5oV')^ only, while the tensor mode (graviton) is propagating on the Minkowski background. 
Here □ = 'q'^'^d^d,^ with t/^j^ = diag(— , +, +, +). Finally, the higher order action ^2 is given 
by (j26p . However, this action does not determine whether a mode is propagating or not. 

We would like to mention that ip is a non-propagating mode under the rij = gauge with 
a Lagrange multiplier A in Section 3, but it is a propagating mode under the A = E = 
gauge with two non-dynamical fields B and Wi in Section 4. It seems that the origin of 
this discrepancy is due to different gauge- fixings. However, it was known that a choice of 
gauge-fixing cannot be done, in general, by substituting the gauge condition into the action 
directly |22 ^ 123 ^ [M j I25j. Hence, our approach is a consistent mathematical formalism for 
checking the absence of new degrees of freedom around the Minkowski background. 

6 Discussions 

A hot issue of Hofava-Lifshitz gravity is to clarify whether it can accommodate a scalar 
mode as the trace of hij, in addition to two degrees of freedom for a massless graviton. 
Actually, known results were sensitive to a gauge-fixing. If one chooses a gauge of rii = 
{B = Vi = 0) together with a Lagrange multiplier A (equivalently, d'^ip ~ 0) and two 
non-dynamical fields {E,Fi) there remains a term of in the action, which implies that 
H is nonpropagating pi [13]. On the other hand, choosing a gauge of A = E = together 
with two non-dynamical fields {B,Wi) leads to two terms of ciip"^ + C2(9fc^)^, which may 
imply that a gauge-invariant scalar ip is a propagating scalar degree of freedom [llj . 

In this work, we did not choose any gauge to identify physical scalar degrees of freedom. 
Without fixing a gauge, one could identify physical degrees of freedom by treating two 
non-dynamical fields {wi,Il,) and one Lagrange multiplier A appropriately. This means 
that Lagrange multiplier plays the important role in finding physical degrees of freedom. 
In the foliation-preserving diffeomorphism (FDiff), gauge-invariant scalars are V and H, 
while the lapse perturbation"^ oc n" is a gauge-dependent scalar. Thus, the latter should 
be eliminated from the quadratic action. It is either a function A{t) when imposing the 
projectability condition or a function A{t,x.) without the projectability condition. Because 
A is a Lagrange multiplier, we could always use it to obtain a constraint and thus, 
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Table 1: Summary for scalar modes. GR (HL) means general relativity (deformed Hofava- 
Lifshitz gravity). GIS denotes gauge-invariant scalars. SDoF and TDoF mean number 
of scalar and tensor degrees of freedom, respectively. Here ^ = A — 2B + E = A — H, 
e = A- AE, and U = 2B-E. 



diffeomorphism 


TDiff 


Diff 


WTDiff 


FDiff 


Theory 


GR 


GR 


GR 


HL 


parameters 


a / 1,5 / 1 


a = h = l 


a = 1/2,6 = 3/8 


A /1, 1/3 


GIS 






s = v + ^>,T = V' + e 


V',n 


SDoF 


m 











TDoF 




2{tij) 


2{tij) 


2(%) 



-0 is not a propagating scalar mode. A gauge- invariant scalar ^ = A — Ii emerging in general 
relativity is split into a gauge-dependent scalar A and a gauge-invariant scalar H, due to the 
FDiff. We note that <I> is a Lagrange multiplier in TDiff and Diff as well as A is Lagrange 
multipliers in the deformed Hofava-Lifshitz gravity. 

We compare FDiff with different diffeomorphisms in general relativity in Table 1. As 
the general analysis was shown in the Appendix, it is not easy to have a scalar mode in 
four-dimensional general relativity. The TDiff case has less symmetry than Diff and WTDiff 
cases. One has to realize that the TDiff case has three gauge-invariant scalars, thanks to 
an additional condition of (9^e^ = 0. This case provides really a scalar mode which is 
propagating on the Minkowski background. Two cases of Diff and WTDiff correspond to 
enhanced diffeomorphisms. As a result, there are two gauge- invariant scalars and thus, no 
propagating scalar mode. The FDiff of the Hofava-Lifshitz gravity is similar to Diff and 
WTDiff cases, which have enhanced diffeomorphisms, compared with the TDiff. Hence, we 
expect to have no propagating scalar mode in the deformed Hofava-Lifshitz gravity. 

We would like to mention a couple of recent works. The authors [16] have shown that ip 
is a scalar degree of freedom appeared when the massless limit of a massive graviton (vDVZ 
discontinuity [31]). Using the Hamiltonian constraints, the authors [T7] have argued that a 
scalar mode of ip is propagating around the Minkowski space but it has a negative kinetic 
term, providing a ghost mode [iTj. Hence, it was strongly suggested that it is desirable to 
eliminate this scalar mode if at all possible. 

Consequently, we have shown that the deformed Hofava-Lifshitz gravity has no scalar 
mode which is propagating on the Minkowski background. 

Note added-aitei the present work was released, relevant works on extra scalar mode 
have appeared on the arXiv. The authors [37] have shown that on the cosmological back- 
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ground, the extra scalar is non-dynamical. One of authors has found that ip is a scalar 
degree of freedom related to the massless limit of the case with Fierz-Pauli mass terms [35] • 
However, using the Lorentz- violating mass terms, there is no such a scalar appeared in 
the massless limit. Also, the authors in [39j have found that for a general background, 
the extra mode is propagating. The extra mode satisfies equation of motion which is first 
order in time derivatives. At linear level, thus, the mode is manifest only around spatially 
inhomogeneous and time-dependent background with two serious problems. However, the 
Minkowski spacetime is a singular point. Furthermore, the authors [IQ] have shown that 
the extra mode is not allowed because of its ghost-like instability around the Minkowski 
background. 
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Appendix: General relativity with different difFeomorphisms 

The most general relativistic Lagrangian for a massless symmetric tensor field h^u is given 
by [321 [33] 

^GR = C^ + + aC^^^ + bC^^, (47) 

where 

= ^d''hd"h^p, = -^d^hd'^h. (48) 

Under a general transformation of the fields /i^jy — > /i^jy + we have up to total deriva- 
tives 

= -^(^6hd^d''hp^ + 5hp^d^'d''hy d^ = ^6hDh. (49) 

We note that the vector Lagrangian is problematic unless /? = 1 because it induces a ghost 
problem [53]. Hence, we choose /3 = 1 case. It follows that the combination 

^TDiff = C^ + C^^ + aC^^^ + bC^^, (50) 
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with arbitrary a and b is invariant under restricted gauge transformations 



Shfj,u = df,e^ + d^efj, (51) 

with 

df.e'' = 0. (52) 

It is noted that e^{t, x) and e*(t, x). We call the transformations (jSip and (j52p transverse dif- 
feomorphisms (TDiff) |34t l35j. We can obtain two enhanced gauge symmetries by adjusting 
parameters a and b: Firstly, a = b = 1 leads to the Fierz-Pauli Lagrangian which is invariant 
under the full diffeomorphisms (Diff), where the condition (j52p is dropped [36j. This cor- 
responds to the standard general relativity (Einstein gravity). Secondly, a = 1/2,6 = 3/8 
provides Weyl symmetry of h^i, h^y + in addition to TDiff. We call this enhanced 

symmetry the Weyl-transverse diffeomorphisms (WTDiff) [32]. 

Now let us investigate mode propagations when using the TDiff. Considering the de- 
composition (jlip with (jl3p . we have the same transformations in Eqs. (|18p and (jl9p except 
replacing B^B = B + ^ hy 

B^B = B-e^ + i (53) 

in general relativity. In this case, using the residual gauge condition of Eq. (j52p which implies 
we have three gauge-invariant scalars, 

<^ = A-2B + E, G = ^ - a^^) . (54) 

Substituting ([U]) and ([l3|) into dSO]) leads to 

^TDiff = -^TDiflf + ^TDiff + ^TDiff) (55) 

where 

£W = \u,nf', ^TBiS = -\m A w\ (56) 
for tensor and vector modes and 

ripjg = i(3^2^V'AV'-e2-e A(e-2$)-2AV'(^'-e)) 

+ ^((G - 3V')(A(e - V; -<!>)- 9)) (57) 
- ^ ((9 - 3^)2 + (9 - 3V) A (9 - 3V')) (58) 

for all scalar modes. From this decomposition, we realize that <I> is always a Lagrange 
multiplier whose variation yields the constraint 

A f(l - 30)^^ - (1 - a)Q\ « 0. (59) 
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In this case, the Lagrangian reduces to 

/:|Di. = (^^n^, with Z = l{a-\)'-{b-\) (60) 

which imphes that for b < 1/3, ip is reahy a propagating scalar mode on the Minkowski 
background. For two cases of a = 6 = 1 and a = 1/2, 6 = 3/8, we have Z = 0, which imphes 
that these should be treated separately. 

In the Diff case of a = 6 = 1, only two scalar combinations are gauge invariant, namely 

(cl>, ij). (61) 

Then, its Lagrangian takes the form 

^Diff = -^(-2^AV^ + 3V'' + VAv). (62) 

However, since <I> is a Lagrange multiplier, its variation leads to Aip ~ 0. Plugging this into 
the above, we have 

^Diff = (63) 

which means that ^ is not propagating on the Minkowski background. 

Finally, for Weyl transformations of a = 1/2 and b = 3/8, we have two scalar invariants 
which are also scalar for TDiff, 

(h = $ + ^, T = e + V). (64) 

Then, its Lagrangian is given by 

^WTDiff = -^(2(8S - 3 T) A T - 6t2). (65) 

However, since H is a Lagrange multiplier, its variation leads to AT ~ 0. Plugging this into 
the above, we have 

■^WTDiff = ~IQ ' ^^^^ 
which means that T is not propagating on the Minkowski background. 
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